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Abstract
We compare the Bakamjian-Thomas (BT) formulation of relativistic
few-body systems with light front field theories that maintain closer con-
tact with Feynman diagrams. We find that Feynman diagrams distinguish
Melosh rotations and other kinematical quantities belonging to various
composite subsystem frames that correspond to different loop integrals.
The BT formalism knows only the rest frame of the whole composite sys-
tem, where everything is evaluated.
The goal of this article is to point out subtle, but important, differences
between the Bakamjian-Thomas (BT) formulation of relativistic few-body sys-
tems [1] and light front field theories that maintain closer contact with Feynman
diagrams (see, e.g., Ref. [2]). To be specific, we consider the triangle diagram
that is a major ingredient of recent electromagnetic and weak baryon form
factor evaluations in light front dynamics.
We start with the effective Lagrangian for the N-q coupling
LN−3q =
∑
{i,j,k}
Ψ(i)iτ2γ5Ψ
C
(j)Ψ(k)ΨN (1)
where τ2 is the isospin matrix and the sum is over permutations of {1, 2, 3}. The
conjugate quark field is ΨC = CΨ
⊤
, where C = iγ2γ0 is the charge conjugation
matrix.
In the nucleon rest frame, and choosing i = 1, j = 2, and k = 3 the spin
coupling of the quarks to the nucleon is given by:
χ(s1, s2, s3; sN ) = u1γ5u
C
2 u3uN , (2)
where the light-front spinor u1 = u(p1, s1) is
u(p, s) =
p · γ +m√
2p+2m
γ+γ0
(
χs
0
)
(3)
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where p+ = p0 + p3, p− = p0 − p3, p⊥ = (p1, p2), and χs is the two component
Pauli spinor. The Dirac spinor of the instant form
uD(p, s) =
p · γ +m√
2m(p0 +m)
(
χs
0
)
(4)
carries the subscript D. The expression Eq. (2) appears in the evaluation of
the two-loop Feynman diagram of the J+ = J0 + J3 component of the nucleon
electromagnetic current once the integrations over the ′−′ components of the
quark momenta, p−i = p
0
i −p3i , are carried out. There are two loops rather than
one because of the integrals over both relativistic Jacobi relative momentum
variables q3, Q3 defined as usual (xi = p
+
i /P
+)
p1 = q3 − x1
1− x3Q3 + x1P, (5)
p2 = −q3 − x2
1− x3Q3 + x2P, (6)
p3 = Q3 + x3P, (7)
and P = p1 + p2 + p3 all valid for the + and ⊥ components only, so that q+3 =
0, Q+3 = 0. Equivalently, there are integrations over three quark momentum
variables in the nucleon rest frame, ki = pi−xiP, with the restrictions
∑
i k⊥i =
0 and
∑
i xi = 1.
This spin-flavor invariant of the nucleon with quark pair spin zero is the
simplest of a basis of 8 such states given in greater detail in Ref. [3], for example.
The only nucleon spin invariant used and tested in form factor calculations
contains the additional projector γ · P + M0 onto large Dirac components,
a characteristic feature of the BT formalism, where P is the total nucleon
momentum and M20 the sum of the free quark light cone energies.
The residues of the triangle Feynman diagram are evaluated at the on-k−-
shell poles of the spectator particles [4]. The numerator of the fermion prop-
agator of the quark which absorbs the photon momentum can be considered
on-k−-shell because (γ+)2 = 0. More generally, spin sums may be performed
covariantly provided they occur before the k−i integrations. Thus, all the nu-
merators of the fermion propagators can be substituted by the positive energy
spinor projector, written in terms of light-front spinors.
The Melosh rotation is given by:
[RM (p)]s′s = uD(p, s
′)u(p, s) . (8)
To evaluate Eq. (2), we observe that the Wigner rotation of the light-front
spinors is one for kinematical light-front boosts. Let us recall that, as a result of
the transitivity of the kinematic generators in the front form, a wave function is
defined everywhere, once it is defined in the rest frame of the composite system.
Thus, the matrix element of the pair coupled to spin zero is evaluated in the
rest frame of the pair (cm) which, again, is found by a kinematical light-front
boost Λ from the nucleon rest frame. Because the Wigner rotation is unity for
such a Lorentz transformation, we can write (viz. ucm(~k
cm, s) = u(~kcm, s)):
I(s1, s2, 0) = u(~k1, s1)γ5u
C(~k2, s2)
= u(~kcm1 , s1)γ5u
C(~kcm2 , s2) , (9)
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where ~kcm = (k+cm,kcm⊥ ) are the kinematical momentum variables of each par-
ticle 1 or 2 in the rest frame of the pair 12, k(cm)µ = (Λk)µ. The particle
momenta in the pair rest frame are obtained by a kinematical light-front trans-
formation from those in the nucleon rest frame to the pair rest frame due to
the transitivity of kinematic generators mentioned above. Thus inserting the
completeness relation for positive energy Dirac spinors in Eq. (9), we obtain:
I(s1, s2, 0) =
∑
s¯1s¯2
u(~kcm1 , s1)uD(
~kcm1 , s¯1)uD(
~kcm1 , s¯1)
γ5C u
⊤
D(
~kcm2 , s¯2)
(
u(~kcm2 , s2)uD(
~kcm2 , s¯2)
)⊤
. (10)
Using the definition of the Dirac spinors we get the relevant Clebsch-Gordan
coefficients,
uD(~k
cm
1 , s¯1)γ5Cu
⊤
D(
~kcm2 , s¯2)→ χ†s¯1iσ2χ∗s¯2 =
√
2 〈1
2
s¯1
1
2
s¯2|00〉 . (11)
From Eqs.(2), (8), (10) and (11), we finally write the expression for the spin
coupling of the nucleon and the quarks, resulting from one part of the effective
Lagrangian:
χ(s1, s2, s3; sN ) =
∑
s¯1s¯2
[
R†M (
~kcm1 )
]
s1s¯1
[
R†M (
~kcm2 )
]
s2s¯2
[
R†M (
~k3)
]
s3sN
χ†s¯1iσ2χ
∗
s¯2
.
(12)
The above expression of the nucleon spin wave-function differs from the Bakamjian-
Thomas construction in so far as rest frames of composite subsystems play a
role in Feynman diagrams, while in the BT only the overall cms matters. In
particular, the Melosh rotations of the spin-zero coupled pair (12) have the mo-
mentum arguments evaluated in the rest-frame of the pair in Eq. (12), while in
the BT construction the arguments of the Melosh rotations are all evaluated in
the nucleon rest frame. Also, various total momentum ′+′ components, such as
P+12 and P
+ now appear in different frames, whereas in the BT case only M0
occurs for P+ in the nucleon rest frame.
To illustrate the different kinematics in the two-body c.m. system (Feyn-
man) and three-body frames (BT formulation) we compare the energy of quark
1, i. e. p1 · (p1 + p2)/M2 and p1 · P/M0, where M22 = (p1 + p2)2 is the mass
squared of the two-body (12)-subsystem and M20 = P
2 that of the nucleon.
Using q23 = (x2p1 − x1p2)2/(1 − x3)2 to obtain 2p1 · p2, we find
M22 =
1− x3
x1x2
(x2m
2
1 + x1m
2
2)−
(1− x3)2
x1x2
q23 , (13)
M20 =
3∑
i=1
m2i
xi
− 1− x3
x1x2
q23 −
Q23
x3(1− x3) . (14)
We are careful to define the relevant projections with four-vectors whose ’+’
components are zero, viz. π12 ≡ p1 + p2 − (1 − x3)P and π1 ≡ p1 − x1P , to
avoid using off-shell ’−’ components of the momenta. Using
π21 =
(
q3 − x1
1− x3 Q3
)2
= m21 + x
2
1M
2
0 − 2x1p1 · P, (15)
π212 = Q
2
3 = M
2
2 − 2(1 − x3)(p1 + p2) · P + (1− x3)2M20 (16)
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and
π1 · π12 = p1 · (p1 + p2)− (1− x3)p1 · P
−x1P · (p1 + p2) + x1(1− x3)M20
= −q3 ·Q3 + x1
1− x3 Q
2
3 (17)
to eliminate (p1 + p2) · P in eq. (16), we arrive at
p1 · P =
(
m21 − q23
)
2x1
+
q3 ·Q3
1− x3 +
x1
2
(
M20 −
Q23
(1− x3)2
)
, (18)
p1 · (p1 + p2) = 1− x3
2x1
(
m21 − q23
)
+
x1M
2
2
2(1 − x3) . (19)
Clearly, the momentum variables of the (12)-subsystem depend only onM2 and
q3, while those in the nucleon c.m. system also depend on M0 and Q3. As a
consequence we expect also dynamical quantities to change, e.g. form factors.
The same considerations will apply to the pair-spin 0 invariant with an
additional γ · P from the projector which reduces to γ0 in the nucleon rest
frame. Another instructive spin-flavor invariant will be discussed next, where
the boost Λ appears explicitly, because of the vector character.
Let us now consider the vector spin-flavor coupling
χ(s1, s2, s3; sN ) = u1γ
µuC2 u3γµγ5uN , (20)
where the spins of the 12-pair are coupled to unity and the relevant vector-
isospin matrix element has been omitted for simplicity. Instead of Eq.10, we
now obtain the coupling
Iµ(s1, s2, 1) = u(~k1, s1)γ
µuC(~k2, s2)
= u(~kcm1 , s1)(Λ
−1γ)µuC(~kcm2 , s2) (21)
Eq. (21) then leads to the Clebsch-Gordan coefficients upon restricting to the
large Dirac components (χs = [1, 0]u(k, s)), viz.
uD(~k
cm
1 , s¯1)γ
νCu⊤D(
~kcm2 , s¯2) uD(
~k3, s¯1)(Λγ)νγ5uN
→ χ†s¯1(~σiσ2)χ∗s¯2 · χ†s¯3 ~(Λσ)χsN
= −
√
6
∑
mm′
Λm′m〈1
2
s¯1
1
2
s¯2|1m′〉 〈1
2
s¯3
1
2
sN |1,−m〉, (22)
and to
χ(s1, s2, s3; sN ) =
∑
s¯1s¯2s¯3
[
R†M (
~kcm1 )
]
s1s¯1
[
R†M (
~kcm2 )
]
s2s¯2
[
R†M (
~k3)
]
s3s¯3
× χ†s¯1 (~σiσ2)χ∗s¯2 · χ†s¯3 ~(Λσ)χsN . (23)
Other spin-flavor 3-quark couplings are treated similarly.
In conclusion, we compare the evaluation of Feynman diagrams to the BT
formulation of multi-quark systems. We emphasize that Feynman diagrams
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distinguish Melosh rotations and other kinematical quantities belonging to var-
ious composite subsystem frames that correspond to different loop integrals.
Moreover, the light-cone spinors in Eqs. (9), (10), and (21) are no longer all
in the nucleon rest frame, which has consequences for the normalization of the
spin-flavor invariants. This may become important at higher momentum tran-
fers and is relevant for the orthogonality of the wave functions (i.e. at q2 = 0).
The BT formalism knows only the rest frame of the whole composite system,
where everything is evaluated.
Thus, BT is much closer to nonrelativistic few-body theory, apart from
ignoring systematically small Dirac components, so that one is justified calling
it ’minimally relativistic’.
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